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Abstract
We investigate the relativistic breakout of a shock wave from the surface of a star. In this process,
each fluid shell is endowed with some kinetic and thermal energy by the shock, and then continues
to accelerate adiabatically by converting thermal energy into kinetic energy. This problem has been
previously studied for a mildly relativistic breakout, where the acceleration ends close to the surface of
the star. The current work focuses on the case where the acceleration ends at distances much greater
than the radius of the star. We derive an analytic description for the hydrodynamic evolution of the
ejecta in this regime, and validate it using a numerical simulation. We also provide predictions for the
expected light curves and spectra from such an explosion. The relevance to astrophysical explosions
is discussed, and it is shown that such events require more energy than is currently believed to result
from astrophysical explosions.
1. INTRODUCTION
A supernova deposits a huge amount of energy in the
bowels of a star. From that hot spot emerges a radiation
dominated shock wave which propagates outward. Close
to the stellar edge, i.e. the stellar atmosphere, the den-
sity decreases sharply. When the shock wave approaches
the stellar surface, it accelerates, perhaps even to rela-
tivistic velocities. At a later point, when the shock wave
is even closer to the stellar edge, radiation begins to leak
out. This is called shock breakout, and it is the first
electromagnetic signal from a supernova explosion.
The hydro - radiation evolution of shock breakout has
been studied extensively, both analytically and numer-
ically. The evolution can be divided into two phases.
First comes the planar phase, where the displacement of
a fluid element is much smaller than its radius (i.e. dis-
tance from the core). Later comes the spherical phase,
where the displacement is much larger than the initial ra-
dius. In the Newtonian regime, analytic studies probed
both the planar phase (Piro et al. 2010) and the spherical
phase (Nakar & Sari 2010), while in the ultra relativistic
regime only the planar phase was studied (Nakar & Sari
2012).
Analysis of the breakout relies on a relation between
the Lorentz factor of a certain fluid element attains im-
mediately after it is shocked γs, and its terminal Lorentz
factor γt. By terminal we mean after the volume of a fluid
element doubled its size many times, and exhausted its
thermal energy. In the case of a planar shock, it was
shown that this relation is γt ≈ γ1+1/
√
3
s (Johnson & Mc-
Kee 1971). One way of deriving this relation is by using
the conservation of the relativistic forward Riemann in-
variant. The same Riemann invariant, however, is not
conserved when the flow is spherical. Luckily, it is possi-
ble to obtain a modified version of the Riemann invariant
that is conserved behind an outward moving shock in the
spherical regime as well (Oren & Sari 2009). In this paper
we use this modified Riemann invariant to obtain a rela-
tion between the initial (shocked) and terminal Lorentz
factors for a spherical breakout. The analysis presented
here is valid for fluid elements which only attain their
terminal values when the displacement was much larger
than the radius of the star. These are fluid elements
which originally reside very close to the edge of the star.
2. OVERVIEW OF SHOCK BREAKOUT THEORY
In this section we summarize the theory of shock break-
out discussed in previous works (Sakurai 1960; Johnson
& McKee 1971; Katz et al. 2010; Nakar & Sari 2010,
2012). We assume that a spherical progenitor with mass
M and radiusR explodes with energy E. We assume that
the explosion starts from a hot spot at the very center
of the progenitor. The shock wave travels outward, and
when it reaches the stellar atmosphere it accelerates due
to the declining density profile. We assume that very
close to the edge of the progenitor the number density
scales as na ∝ xω, where x = R − r and r is the radial
coordinate (distance from the center of the progenitor).
In order for the total mass to be of order M , and assum-
ing the star is made up of hydrogen the number density
has the form
na ≈ M
mpR3
( x
R
)ω
(1)
where mp is the mass of the proton. Initially, the shock is
not relativistic, and the velocity increases like v ∝ n−µ′a
(Sakurai 1960). The velocity profile is given by (Matzner
& McKee 1999)
v ≈
√
E
M
( x
R
)−µ′ω
. (2)
The shock may break out in this, non relativistic phase,
but in this work we are interested in cases where the
shock keeps accelerating to relativistic velocities. In
this stage the Lorentz factor scales with the density as
Γ ∝ n−µa . The values of both power law indices are very
close: µ ' 0.23 (Sari 2006) and µ′ ' 0.19 (Sakurai 1960).
For simplicity we assume µ = µ′. The relativistic shock
trajectory can be smoothly connected to the non - rel-
ativistic trajectory by the condition that Γ ≈ 1 when
v ≈ c, hence
Γ ≈
√
E
Mc2
( x
R
)−µω
. (3)
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2In the absence of pair production, shock acceleration
stops at optical depth of order unity, because from that
point on photons can leak out. Assuming the dominant
scattering process is Compton scattering, the depth of
the breakout shell is given by
x0 = R
(
M
mp
σ
R2
)− 1ω+1
(4)
The condition for the breakout shell to be relativistic is√
E
Mc2
(
M
mp
σ
R2
) µω
ω+1
> 1. (5)
For ω = 3, this condition can be written as
E
1051 erg
> 0.8
(
M
M
)0.7(
R
R
)0.6
(6)
Fluid shells continue to accelerate even after the shock
reaches the edge of the progenitor and disappears. If
a fluid element finishes accelerating before doubling its
radius, then the relation between the shocked Lorentz
factor γs and the terminal Lorentz factor γt is (Johnson
& McKee 1971)
γt ≈ γ1+
√
3
s . (7)
This is referred to as planar breakout. Right after a fluid
element is shocked, the Lorentz factor evolves as (Pan &
Sari 2006)
γ ≈ γs
(
t
x/c
)√3−1
2
(8)
where t is the lab frame (not comoving) time measured
from breakout. The time it takes a fluid element to reach
the terminal planar Lorentz factor is therefore
tt ≈ x
c
γ3+
√
3
s . (9)
The time it takes a shell to double its radius is
td ≈ R
c
(10)
The approximation of a planar breakout is valid if td > tt.
The breakout shell is the fastest shell, so if the planar
approximation is valid for the breakout shell, it remains
valid for inner shells. The condition for that is
1 >
(
E
Mc2
) 3+√3
2
(
M
mp
σ
R2
)1−µω(3+√3)
. (11)
If ω = 3, then the inequality above can be written as
E
1051 erg
< 12
(
M
M
)0.8(
R
R
)0.4
(12)
The comoving temperature of the shock is about T ′i ≈
200 keV, regardless of the shock Lorentz factor, due to
the production of pairs (Katz et al. 2010). These pairs
also blow up the opacity, so radiation can only escape
when the temperature drops and the pairs disappear.
This happens at a temperature of about T ′th ≈ 50 keV.
The energy of the breakout shell when it is shocked is
Ebs ≈ mpnxR2c2γ2s ≈ E
(
M
mp
σ
R2
)−1+ 2µωω+1
(13)
At that moment the temperature of the shell is T ′i and its
Lorentz factor is γs. When it stops accelerating and be-
comes transparent, its temperature is T ′th and its Lorentz
factor is γt, so its energy at this point is
Ebt ≈ EbsT
′
th
T ′i
γt
γs
≈ E
(
E
Mc2
)√3/2(
M
mp
σ
R2
)−1+(2−√3)µωω+1
(14)
This energy is released almost instantaneously in the lab
frame, but when it arrives to an observer it is stretched
over a time period of tob ≈ Rγ2t c . The observed temper-ature of the emitted light is Tob ≈ T ′thγt. Eliminating
the Lorentz factors yields a closure relation between the
energy, temperature and duration of the burst
tob ≈ 20 s
(
E
1046 erg
)1/2(
T
T ′th
)− 9+√34
(15)
Because of pair production, the shock increases the opac-
ity of fluid shell it sweeps. This mean that some radia-
tion may originate in shells outside the breakout shell,
where the apparent temperature is higher. The en-
ergy of a “superior” shell increases with its thickness
Es ≈ naxR2mpc2γ2s γtγs
T ′th
T ′i
, and the time interval over
which it arrives to an observer is t ≈ R
γ2t c
. The apparent
luminosity (in the observer frame) is therefore
L ≈ Ec
R
(
E
Mc2
)−2µω+ω+1
2µω
(
ct
R
)−3√3µω−4µω+ω+1
2
√
3µω+2µω
(16)
For ω = 3 we can rewrite the equation above as
L ≈ 2.2 · 1044 erg
s
(
E
1051 erg
)2.9(
M
M
)−1.9
× (17)
×
(
R
R
)−0.38(
t
1 s
)−0.62
Each shell has a different temperature, and we assume
that the photons it emits are mostly thermal hν ≈ kT .
Since t ∝ γ−2 ∝ T−2, the integrated spectrum is given
by
νFν ∝ tL ∝ t0.38 ∝ ν−0.76 (18)
where the numerical values are for ω = 3.
3. SPHERICAL RELATIVISTIC BREAKOUT
We now deal with the case where the breakout shell
travels to a radius much larger than the radius of the
star before the acceleration stops. In this case equation
7 no longer holds. Each fluid shell is characterized by
four variables: density ρ, pressure p, Lorentz factor γ and
radius r. We want to relate the properties of a fluid shell
right after it was shocked to the properties of the same
shell when the acceleration ends. We denote by subscript
s variables related to the shocked state, and subscript
t to the terminal state. We would like to express the
hydrodynamic variables in terms of the shocked Lorentz
factor. The Taub equations relate the shocked Lorentz
factor to the downstream density and pressure
ns ≈ naγs (19)
and
ps ≈ mc2naγ2s (20)
3where m is the rest mass of the particles and c is the
speed of light. The initial radius of the shell is simply
the radius of the star
rs ≈ R. (21)
Conservation of entropy yields
ps
n
4/3
s
=
pt
n
4/3
t
. (22)
The acceleration ends when the thermal pressure is com-
parable to the rest mass energy
pt ≈ ntmc2. (23)
In the planar case rt ≈ rs ≈ R and this set of equations is
closed using the conservation of the relativistic Riemann
invariant (Johnson & McKee 1971)
J (ps, γs) = J (pt, γt) (24)
where
J (p, γ) = ln γ +
√
3
4
ln p. (25)
However, the Riemann invariant is only conserved in pla-
nar, and not spherical flow. Oren & Sari (2009) ob-
tained a modified Riemann invariant that is conserved
in a spherical flow
J ′ (p, γ, r) = J (p, γ) +
(√
3− 1
)
ln r (26)
The final relation can be obtained by keeping track of
how much a fluid element expands. For this part we as-
sume the following ansatz for the terminal Lorentz factor
γt = Cγγ
σ
s
(
E
Mc2
)ψ
. (27)
If the initial width of some fluid element is dx, the ter-
minal width would be
dxt ≈ rt · dxdβt
dx
≈ ·dx · γ−2σ−
1
µω
s
(
E
Mc2
)2ψ
. (28)
The terminal density scales as
nt ≈ n0 R
2dx
γtr2t dxt
∝ r−3t γ
σ− 1µ+ 1µω
s
(
E
Mc2
)ψ
. (29)
Putting together equations 19 - 29, we get
σ =
2
(√
3− 2)µω + 43 (5µω + 2)− 2(
20/3 +
√
3− 5)µω , (30)
ψ = − 1
5µω + 3
√
3µω
(31)
and Cγ is a dimensionless constant of order unity which
can be calibrated from simulations (see next section). For
ω = 32 and η =
4
3 we get σ ' 2.36 and ψ ' −0.28, and
for ω = 3 and η = 43 we get σ ' 2.1 and ψ ' −0.14. We
can also get the radius at which the acceleration stops
r
R∗
∝ γλs
(
E
Mc2
)$
(32)
where
λ =
(
4
√
3 + 6
)
ω − 10 (1 +√3)
ω
(
5 + 3
√
3
) (33)
and
$ =
1 + 1/
√
3
3µ (3 + 5)
(34)
For ω = 32 and η =
4
3 we get λ ' 0.49 and $ ' 0.39, and
for ω = 3 and η = 43 we get λ ' 0.88 and $ ' 0.19.
4. SIMULATION
In order to verify our results we ran a one dimensional,
lagrangian, relativistic simulation based on Kobayashi
et al. (1999) and Daigne & Mochkovitch (2000). Our
computational domain is 10−3 < r < 1 − 10−4. The
stellar edge is at rs = 1. We use a logarithmic grid, such
that for each cell, the ratio between its width and the
distance to the edge is constant and equal to 0.005. The
initial density profile is a power law of the distance to the
edge ρ = (rs − r)ω, where ω = 3. The initial pressure is
almost zero throughout the domain, except for a small
“hot spot” where it is finite
p =
{
5 · 107 0.01 > r
10−30 r ≥ 0.01 (35)
We let the simulation run to time t = 106. We took
two snapshots: one at breakout time, and another at
the final time. In figure 1 we plot the terminal Lorentz
factor as a function of breakout Lorentz factor for each
computational cell. By fitting a power law to the this
plot we obtain a power law index of 2.2, which is close to
the theoretical prediction 2.1 (relative difference of about
5%).
These results can be used also to calibrate the dimen-
sionless coefficient Cγ from equation 27. In this simula-
tion EMc2 ≈ 103, so Cγ
(
ω = 3, η = 43
) ≈ 0.9.
Figure 1. Lorentz factors of computational cells at breakout ver-
sus the Lorentz factors of the same cells at a much later time. Blue
represents data obtained from the simulation, and red is a power
law fit. The power law index inferred from the simulation is 2.2,
while the analytic value is 2.1.
The details of the simulation are in the text.
5. LIGHT CURVES
In this section we follow the derivation in (Nakar & Sari
2012), but with a slight change. Instead of γt ≈ γ
√
3+1
s ,
4the relation between the initial and final Lorentz factors
is γt ≈
(
E
Mc2
)ψ
γσs , with σ from equation 30 and ψ from
equation 31. The energy of each shell, when it is shocked,
scales as
Ei ∝ γ−
1+ω(1−2µ)
ω+1
s (36)
where γs is the Lorentz factor of the shocked mate-
rial. The emitted energy when the fluid element becomes
transparent is Ef = Ei
γt
γs
. This energy is emitted within
a time interval
tobs ≈ rt
cγ2t
. (37)
The dependence of the bolometric luminosity on time is
therefore given by
d lnL
d ln t
=
1
2µωσ
(−3µωσ − µω + ω + 1) (38)
which, for ω = 3, comes out to be d lnLd ln t = −0.36 instead
of -0.62 in the planar case. The rest frame temperature
of each shell is constant T ′th ≈ 50 keV (Katz et al. 2010).
The temperature in the observer frame is T ′th · γt, hence
d lnT
d ln t
= − 1
2− λ/σ (39)
The spectrum is obtained using the same rationale as in
section 2
νFν ∝ tL ∝ t0.64 ∝ ν−0.8 (40)
whereas the corresponding value for a planar breakout is
-0.74.
It is also possible to obtain closure relations, in the
same way as was done in (Nakar & Sari 2012). For typical
values ω = 3 and η = 4/3 we get
tobs ≈ 7 s
(
Ebo
1046erg
)0.59(
Tbo
T ′th
)−2.21(
M
M
)−0.09
.
(41)
Since the minimum terminal Lorentz factor at which
spherical breakout occurs is (Nakar & Sari 2012)
γf,s ≈ 30
(
M
5M
)0.14(
R
5R
)−0.27
, (42)
the minimum temperature is 1.5 MeV. We recall that for
a planar breakout (Nakar & Sari 2012)
tobs ≈ 20 s
(
Ebo
1046 erg
)1/2(
Tbo
T ′th
)− 9+√34
. (43)
The exponents in the spherical closure relation (equation
41) are very similar to that of the planar closure relations
(equation 43). Therefore the planar closure relations can
be used as a good approximation even in the spherical
case.
6. DISCUSSION
We examined shock breakout from a star in the regime
where the ejecta is relativistic, and exhausts its thermal
energy at a radius much larger than that of the star. We
found a relation between the Lorentz factor of each shell
at breakout and the Lorentz factor after the exhaustion of
thermal energy. We verified our result using a numerical
simulation. Finally, we used these results to predict the
light - curves and spectrum from such an explosion.
Spherical breakout occurs only for sufficiently high en-
ergies (equation 12). Typical supernova energies are
around 1051 erg, and typical masses of supernova progen-
itors are of the order of M. Substituting these values
into equation 12 yields that the radius must be smaller
than a few hundred kilometers. The only astrophysical
objects that satisfy these conditions are neutron stars
and black holes, and only the former can explode. How-
ever, such strong explosions in neutron stars will produce
neutrinos. Neutrinos have a much smaller cross section
than photons, so they will escape at a much earlier stage,
before the shock manages to reach high Lorentz factors.
This problem is further aggravated by the degeneracy,
which increases the effective mean free path for scatter-
ing.
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